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On one problem of Gowers. 



CN ■ In 1927 B.L. van der Waerden published his famous theorem on arith- 

metic progressions (see [1]) : 
Theorem 1.1 Let h and k be positive numbers. There exists a positive inte- 
ger N = N(h, k) such that, however the set {1,2, ... , N} is partitioned into 
^ h subsets, at least one of the subsets contains an arithmetic progression of 

length k. 

Let N be a natural number and 

a k (N) = ±-max{\A\ : AQ[1,N], 

>. ■ Jy 

q ! A — does not contain an arithmetic progression of length k}, 

■ where \A\ denotes the cardinality of a set A. In [2] P. Erdos and P. Turan 

realised that it ought to be possible to find arithmetic progression of length 
q ! A; in any set with positive density. In other words they conjectured that for 

any k > 3 



a k (N) ->0, as N ^ oo (1) 

Clearly, this conjecture implies van der Waerden theorem. 

In case k = 3 conjecture (1) was proved by K.F. Roth in [3]. In his paper 
Roth used the Hardy - Littlewood method to prove the inequality 

h ■ i 

as(N) « 



log log iV 

At this moment the best result about a lower bound for as(N) belongs to J. 
Bourgain He proved that 



For an arbitrary k conjecture (1) was proved by E. Szemeredi [5] in 1975. 
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The second proof of Szemeredi's theorem was given by H. Furstenberg in 
[18], using ergodic theory. Furstenberg showed that Szemeredi's theorem is 
equivalent to the multiple recurrence of almost every point in an arbitrary 
dynamical system. Here we formulate this theorem in the case of metric 
spaces : 

Theorem 1.2 Let X be a metric space with metric d(-, ■) and Borel sigma- 
algebra of measurable sets <3>. Let T be a measurable map of X into itself 
preserving the measure \i and let k > 3. Then 

liminf max{d(T ra a;, x), d(T 2n x, x),..., d(T (fc " 1)n x, x)} = 0. 

n — >oo 

for almost all x G X . 

A. Behrend in [11] obtained a lower bound for as(N) 

a 3 (N) »exp(-C(logJV)3), 

where C is an absolute constant. Lower bounds for dk(N) with an arbitrary 
k can be found in [8]. 

Unfortunately, Szemeredi's methods give very weak upper bound for 
a,k(N). Furstenberg's proof gives no bound. Only in 2001 W.T. Gowers [6] 
obtained a quantitative result about the speed of tending to zero of eifc(iV) 
with k > 4. He proved the following theorem. 

Theorem 1.3 Let 5 > 0, k > 4 and N > expexp(C5~ K ), where C, K > 
is absolute constants. Let A C {1,2,..., iV} be a set of cardinality at least 
5N . Then A contains an arithmetic progression of length k. 
In other words, W.T. Gowers proved that for any k > 4, we have a,k(N) <^ 
l/(loglogiV) Cfc , where constant depends on k only. 

In the present paper we shall deal with the following problem. Consider 
the two-dimensional lattice [l,iV] 2 with basis {(1,0), (0,1)}. Define 

L(N) = -^max{ \A\ : AC[1,N} 2 and 

A — does not contain any triple {(k, m), (k + d,m), (k,m + d), d > 0} 

with positive d}. (3) 

A triple from (3) will be called a "corner". In papers [9, 18] shown that 
L(N) tends to as iV tends to infinity. W.T. Gowers (see [6]) set a question 
about the speed of convergence to of L(N). 
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In [12] V. Vu proposed the following solution. Let us define log,, N as the 
largest integer k such that log^ N >2, where log^j N = log TV and for / > 2 
log[ Z ] = log(log[;_ 1 ] N). V. Vu proved that 

L(N)< 100 



io g ;' 4 Af 

The main result of our paper is 

Theorem 1.4 Let 5 > 0, N > exp exp exp(<5~ c ), where c> is an absolute 
constant. Let AC {1, . . . , iV} 2 be a set of cardinality at least 5N 2 . Then A 
contains a triple (k, m),(k + d, m), (k, m + d), where d > 0. 

Thus, we obtain the bound L(N) l/(logloglog N) Cl , where C\ > is 
an absolute constant. 

Moreover, a simple lower bound for L(N) will be obtained (see Proposi- 
tion 4.1). 

In our proof we develop the approach presented in [6, 10]. 

2. An outline of the proof. 

The flowchart shown in Figure 1 gives us an outline of our proof. 

3. On a— uniformity. 

Let Ac Zjy be a set of size SN and let Xa(s) be the characteristic function 
of A. Let us define the balanced function of A to be f(s) = Xa(s) — 6. 
Let D denote the closed unit disk in C. 

Definition. A function / : Zjv — > D will be called a-uniform, if 



T.\T.f^)f{s-k)\'<aN\ (4) 

k s 

Let us now define a set A to be a-uniform if its balanced function is. 
Let / be a function from Z N to C. For r e Z N we set 

/(r)=£/(fc)e(-fcr), 
k 

where e(x) = e 2mx l N . The function / is the discrete Fourier transform of /. 
We need in some simple facts on Fourier transform 

^EI/WI 2 = EI/(0r (5) 



Nj2f(s)g(s) = J2f(r)g(r)- (6) 
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Figure 1: An outline of the proof 



L5.1 



NY.\Y.f(s)9(s-k)\ 2 = Y,\tt 

k s r 



/')l 2 lofr)| 2 



(7) 



We need in Lemma 2.2 from [6]. 

Lemma 3.1 Let f : — > D be a-uniform. Then 

1) Eri/0j| 4 <cdV 4 

2) max r 

3) | Efc I E s - ^)| 2 - £| Es f(s)\ 2 \ Es9(s)\ 2 \ < a*N*\\g\\l for every 
function g, g : Zjy — > -D. 

Otherwise, if for all r we have \ f(r)\ < aN for some a > t/ien / «s a 2 
uniform. 
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Proof. Using (7), we get 



ivElE/(*)/(*-*OI 2 = El/MI 4 - (8) 

k s r 

and we prove 1). Further, we have 

max|/(r)| 4 <El/W| 4 <«AT 4 

r 

and we prove 2). Suppose for all r we have \f(r)\ < aN for some a > 0. 
Then 

E l/»! 4 < « 2 ^ 2 E l/»! 2 = « 2 iV 3 E l/( S )| 2 < a 2 N 4 

r r s 

We see that function / is a 2 -uniform. Now we shall proof 3). Let (f*g)(k) = 
£ s f(s)g(s - k). Then E fc E s /(s)s(s - k) = E s /(s) • E^M- 



= E I E -*0l 2 -4lE /(*)I 2 I E^)l 2 = ° (9) 



Let 0(fc) = (/* g)(k)^— ££ s /(s) ■ Z 8 g(s). Then 0(0) = E fc 0(*;) = 0. 
Clearly, r ^ 0(r) = f(r)g(r). By (9), it follows that 



E I E - ^)l 2 - Tf I E /(*)I 2 I E^)l 2 = E IWI 2 

fc * iV S 8 k 

Using (5), we get 

* = ^ E l^)l 2 = ^ E l^)l 2 = ^ E I/(0I 2 I3(0I 2 (io) 

If / is a-uniform, then using 2), we have max r |/(r)| < a*jV. Combining 
(10) and (5), we obtain 



a < a^N ■ E \d(r)\ 2 < c^TV 2 E |<?(s)| 2 = a^N' 

r s 

This proves the Lemma 3.1. 
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Given a function / : Z 2 N — > C and f— (ri,r 2 ) we set 

= f( r 'i, r 2 ) = f( k > rn)e(-(kr 1 + mr 2 )). 

k,m 

Definition. A function / : Z 2 N — > P will be called a-uniform, if 



EIE/(^/(«-i)l 2 <^ 6 - (ii) 

Let us now define a set A C Z 2 N , \A\ — 5N 2 to be a-uniform if its balanced 
function f(s) — Xa(s) — S is. Obviously, all statements of Lemma 3.1 is true 
for these functions. 

Lemma 3.1 Let f : Z 2 N —> D be a -uniform. Then 

1) J2r\m\ 4 <aN 8 

2) max? \f(r)\ <a^N 2 

3) | Eg I Esf(^)9(s-k)\ 2 - ^| £ ? /(s)| 2 | E s ^(s)| 2 | < ^N 4 \\g\\ 2 , for every 
function g, g : Z 2 N — > P. 

Otherwise, if for all r we have |/(r)| < a A 2 /or some a > i/ien / is a 2 
uniform. 

Let Pl,P 2 ^ Zat be arithmetic progressions. A set P C is called 
two-dimensional arithmetic progression if P = Pi x P 2 . 

Lemma 3.2 Let A C 6e a-uniform of cardinality SN 2 . Let Pi, P 2 C 
Zn be arithmetic progressions with difference 1 and let P = P\ x P 2 6e a 
two-dimensional arithmetic progression. Then | |Af|P| -5|P|| < 16cHAr 2 . 
Proof. Let P = {a, a + 1, . . . , a + M 1 - 1} x {6, b + 1, . . . , 6 + M 2 - 1}. For 
any r— (ri,r 2 ), n 7^ 0, r 2 7^ 0, we have 



| pr | = e(-riMi) - 1 e(-r 2 M 2 ) - 1 , N 2 



e(-ri) - 1 e(-r 2 ) - 1 



r x r 2 



If ri = 0,r 2 7^ 0, then |P(r)| < A 2 /r 2 . In the same way, |P(r)| < N 2 /ri for 
r 2 = 0,ri ^ 0. Hence 2> #0 |P(r)| 4/3 < I6A 8 / 3 . Using (6), we get 

a = I l^n^l ~S\P\\ = \T,Xa(7)Xp(?)-6\P\\ = ^J2xa(?)xW) 

Using Holder's inequality, we obtain 

IZx^MOl < (EI^(r)i 4 ) 1/4 (Elxp^l 4/3 ) 3/4 < 

6 



Since A is a-uniform, it follows that 

o~ < -^lQN^aN 8 ) 1 ^ < lQa^N 2 

as required. 

Let e*i and e 2 be two vectors (1,0) and (0, —1). 

Let Ei x E 2 be a subset of Z^ and let / be a function from Z^ to D. We 
shall write that / : E 1 x £ 2 — > -D if /(s) = for any s £ E x x E 2 . 

Definition 3.3 Let a e [0, 1] and let £i x £ 2 C Z^. Function f : E 1 x 
E 2 D will be called a-uniform with respect to the basis (ei,e 2 ) if the 
following condition hold 

E E E /(^/(s + ^/Cs + reO/Cs + Mea + reO ^alEiH^I 2 . (12) 

sGZ^ uGZjv rGZjv 

Let f(k,m) = f[kt\ + me 2 ). Function f is a-uniform iff 

£ I E f(k,m)7(k7p)\ 2 <a\E 1 \ 2 \E 2 \ 2 . (13) 
m,pez N fceZjv 

A set if C Z^ is called box if if = E l x E 2 , where E l ,E 2 C Zjy. If 
| -E7i j = | £2 1 then H is called square. 

Let A C Ei x E 2 and let = Xa(s) be the characteristic function of 
A. By 5 m = 6% and 7 fc = 7^ denote 5 m = l/|£i| • EjLi x(™e 2 +pe\) and 
7fc = I/I-E2I • X^Li x(^6i + pe 2 ). Let us define the balanced function of A to 
be /(«) = - ^m)XBixs 2 (s). 

Let us now define a set A C E 1 x E 2 to be a-uniform with respect to the 
basis (e\, e 2 ) if its balanced function is. 

By a cube we shall mean quadruple (s, s + ue 2 , s + re±, s + ue 2 + re\). 
We shall say that such a cube is contained in A C 7? N if quadruple (s, s + 
ue 2 , s + re\, s + ue 2 + re\) belongs to A. 

Lemma 3.4 Let A be a subset of 7? N of cardinality 5N 2 . Then A con- 
tains at least S 4 N 4 cubes. 

Proof. Let x(s) be the characteristic function of A and let s — kt\ + me 2 . 
The number of cubes in A is 
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E s > Er X(s)x(s + ue 2 )x(s + re 1 )x(s+Me 2 +re 1 ) = E m , P I E k x(k, m)x(k,p)\ 2 . 
Using Cauchy-Bounyakovskiy inequality, we get 

E \Y,x{k,m) X {k,p)\ 2 > -^{Y,Y,x{k,m) X {k,p)) 2 = 

m,p k m,p k 

= 4( E I E x(*, ™)l 2 ) 2 > 4( E x(*, ™)) 4 = 

This completes the proof. 

By C denote the operator of complex conjugation. Let x and y be two 
vectors in C k . We shall write its inner product as x ■ y or (x,y). Let e G 
{0, l} fc . By |e| we denote Eti^- 

Lemma 3.5 For every e G {0, l} 2 let f e (s) be a function from 7? N to D. 
Then 

IEE II C^f £ (s + e lP e 1 + e 2 qe 2 )\ < 

P.9 s eG{0,l} 2 

< II IEE II C^Ms + mpe. + rj.q^. 

£e{0,l} 2 P'l s r7G{0,l} 2 

Proof. Let s — kt\ + me 2 . Then 

IEE II C^f £ (s + e lP e 1 + e 2 qe 2 )\ = 

P,Q s £G{0,1} 2 

= E ( E /{o,o} (k, m)f {m (k + p, m)) ( f{o,i}{k, m)f {1>1} (k + p, m)) < 

k,p m rn 

^ ( E I E /{o,o}(fc, m)/ { i )0 }(A; + ™)| 2 ) 2 ( E I E /{o,i}( fc . m )?) 2 • 

fe,p m k,p rn 

The first bracket can be transformed as follows : 

ElE/{»,o}( fc » m )/{i,o}( fc +?'. m )l 2 = 

k,p rn 

= E E /{o,o} 0, m )/{i,o} (A; + p, m)/{o,o} (k, r)f {lfi } (k +p,r) = 

k,p m,r 

= E(E/{o,o}(^0/{o,o}(A;,m))(^/ { i ! o}(A;,r)/ { i ! o}(A;,m)) (14) 

m,r k k 
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The latter can be estimate with the help of the Cauchy-Bounyakovskiy in- 
equality. Repeating this argument for the second bracket, we obtain the 
needed result. 

Let / be a function from 7? N to C. Define ||/|| by the formula 

11/11 = I E E mf(s + ue 2 )f(s + re 1 )f(s + ue 2 + rei) |* (15) 

s,u r 

Lemma 3.6 (15) is a norm. 
Proof. Consider the sum 

ll/ + # = EE II ^(f + g'Ks + e^+eiqei) (16) 
p,q s £G{o,i} 2 

If we expand the product (16) we obtain 16 terms of the form Ilee{o,i} 2 C e '/ E (s+ 
£ipe\ + e 2 qe 2 ), where f £ is either / or g. For each one of these terms, if we 
apply Lemma 3.5, we have an upper estimate of ||/|| fe ||fli| z , where k and I are 
the number of times that f e equals / and g respectively. Hence 

ll/ + #<E^1/ll1#- fc = (11/11 + IMI) 4 

k=0 

as required. 

Theorem 3.7 Let A be a -uniform with respect to the basis (ei,e 2 ) and 
E P (5p - 5f < aN. Then A contains at most (5 + 2a 1/4 ) 4 N 4 cubes. 
Proof. Let x be the characteristic and let / be the balanced function of A. 
Then x = f + ^+{.5 m — 5). The statement that A is a-uniform with respect to 
the basis (ei, e^) is equivalent to the statement that ||/|| < a l / A N . We have 
|| (5 m — 5)\\ = N^(Y,p(^p — ^) 2 ) 2 < a^N. The number of cubes in A is ||x|| 4 - 
Using 3.6, we get || X || < \\S\\ + ||/|| + \\{S n -S)\\. Thus || X || 4 < (5 + 2a 1 / 4 ) 4 N 4 
as required. 

Let Qi and Q 2 be subsets of E 1 x E 2 C Z 2 N and h, g be its characteristic 
function respectively. Suppose |-Ei| = PiN, \E 2 \ = fl 2 N . 
The next result is the main one of this section. 

Theorem 3.8 Let function f : E\ x E 2 — > D be a-uniform with respect 
to the basis (ei,e 2 ) and sets Ei,E 2 be ao = 2~ 12 a 3 Pf 4 P 2 4 -uniform. Then 

| E E h(s)g(s + r (e 1 + e 2 ))f(s + re 2 )\<2a^ 2 1 [3 2 2 N 3 . 
sez 2 N rez N 
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Proof. Let e = e\ + e 2 , s — ke x + me 2 , x(s) = Xe 1 xe 2 (s) and Xi(k) = 
XEx(k), X2{ m ) = XE 2 { m )- By the Cauchy-Bounyakovskiy inequality 

ff =lE E h(s)g(s + re)f(s + re 2 )\ 2 < (17) 

(EIM5)l 2 )(Ex(5)IE^+^/(^+^)l 2 ) ( 18 ) 

s s r 

= ( E \ h (s)\ 2 ) ( E Y,9(s + re)g(s + pe)f(s + re 2 )f(s + pe 2 )) (19) 



r,p 



2 ' , 



2 E E - r ^)9(s)9(s + ue)f(s- rei)/(s + we 2 - rei) = <Ti (20) 



Since x{s-re)f{s-re x ) = Xi(k-r)x2(m-r)f(s-re 1 ) = X2(m-r)f(s-re 1 ), 
it follows that 



°"i = \\ h \\l E E^(^ - r)g(s)g(s + ue)/(s - rei)/(s + we 2 -rei) (21) 



i E E 9(s)g(s + we) XI X2(^ - r)/(fc - r, m)/(fc - r, m + it) (22) 



2 
2 



E E 9(s)g(s + ue)J2x2(r + m- k)f(r, m)f(r, m + u) (23) 



2 E E Z( r ' m )/( r > m + M ) E Xs(r + m - k)g(k, m)g(k + u,m + u) 

m,u r k 

By Lemma 3.1 for all but ocq 6 N choices of r the following inequality holds 



E X2ij' + m — k)g(k, m)g{k + u,m + u) — 
k 



— 02 g(k, m)g(k + u, m + u) \ < Oq 6 N. 

k 

We have a = 2~ 12 a 3 (3 2A [3 2 2A . Using this, we get 



*i < P\\h\\l E Es( fc > ™)$(* + ™ + «)| E /fc ™ + «)| + 2 «o /6 ^ 6 



< P\\h\\l E E + «, "i + «)| E /(r, m)/(r, m + u)\ + 2a\' G N & 

m,u k r 
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We have 



E m)x{k + u,m + u) = X2{m)x2(m + u) E Xi{k)Xi{k + it). (24) 

k k 

Since set E\ be ao-uniform, it follows that 

|<n| 2 < 2(3l\\h\\t^N 2 \ E X2{m) X2 (m + u)\J2 f(r, m)f(r, m + u)\ 

m,u r 

Using the Cauchy-Bounyakovskiy inequality, we get 

kl 2 < 2Pt!3l\\h\\\N 2 (Y. X2(m) X 2(m + «)) ||/|| 4 + 2 5 c^ /3 iV 12 (25) 

m,u 

< A(3fplN 2 ((3 1 p 2 N 2 ) 2 (3iN 2 a((3fPiN 4 ) = AaffiPlN 12 . (26) 

Thus, we have a < 2a 1//4 ( 5 2 /5|iV 3 as required. 
The next result is the main of this section. 

Theorem 3.9 Let A C E 1 x E 2 be a set and have cardinality \A\ = 
<5|£i||£ 2 |. Let | | = piN, \E 2 \ = f3 2 N and sets E X ,E 2 be lO" 330 ^ 24 /^ 132 - 
uniform. Let A be a-uniform with respect to the basis (e\, e 2 ), a = 10 _108 5 44 , 
iV > 10 w (S 4 PiP 2 )~ 1 and J2 m \$m ~ < ctj3 2 N . Then A contains an corner. 
Proof. Let e = 2~~ 20 5 2 and c = N/[sN]. We can find a partition of Z 2 N into 
two-dimensional arithmetic progressions with step 1 and cardinality [eiV] 2 . 
Let us numerate the squares from left to right starting with the left upper 
corner. We shall not numerate the squares in the last column and the last 
string. The set of squares without numbers consists of two stripes. The width 
of each stripe is not greater then eN and the length equals N. By Lemma 3.2 
these stripes contain not more then Sef3if3 2 N 2 points from E±x E 2 . Let Ai be 
the intersection the A with i - th square. Let the number of the enumerated 
squares be t and let the i - th square be Pj x Si, where Pi, Si C Z N . Let 
e — e*i + e 2 , s — ke[ + me and x% be the characteristic function of A^. It 
follows from e = 2~ 20 5 2 that £*=i J2k, m Xi(k, m) > (1 - 2- Fj )5f3 1 f3 2 N 2 . Let 
us split {1, . . . , c} into three arithmetic progressions K\, K 2 , K 3 with step 
1 such that the length of any two progressions differ by at most 1. Then 
all numerated squares get separated into nine subsets. Among these subsets 
there exists such one, say V, that J2iev J2k, m Xi(k, m) > lO^ 1 5 j3ij3 2 N 2 . Using 
the Cauchy-Bounyakovskiy inequality, we get 

^rJ 2 mN" < E (J2Uk,m)) 2 = E E (Yxi(k,m))(YxAk,m)) 

1UU k m.i i,j=l k m m 



+2 5 al /3 N 
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= £ £ ( £ Xi(K m)) ( £ Xj(k, m))+EE(E ™))* (27) 

ijtj k m m i k rn 

Let us estimate the second term in (27). Let C = 10~ 330 /3i 24 /3f 4 <5 132 . By 
Lemma 3.1 there is all but (1 — C 1 / 6 )^ choices of k such that | Y, m XEi(k + 
m)XE 2 nsX m ) ~ PA E 2 n Si\\ < ( 1/6 N. Using Lemma 3.2, we get \E 2 H Si\ < 
Ae(3 2 N . Hence there is all but (1 — (, l ^)N choices of k such that 

\Y,XE 1 (k + m)xE 2 n Sl M \ < 8eP 1 (3 2 N (28) 

m 

Let B be the set such k's that do not satisfy (28). Then \B\ < ^ 6 N. Since 
Em Xe^p^ + m )XE 2 ns l ( m ) < Em + ™)XE 2 nsA m ) , it follows that 

EE (E#^)) 2 = E E (E#,m)) 2 + EE (£x^™)) 2 < 

i k rn i keB m i k(£B rn 

SefrfcN E E E Xi{k, m) + C 1/6 iV ]T | ]T XJ5anSi (m) | 2 = a 

i k rn i m 

Using Lemma 3.2, we get 

a < Sep^N^N 2 + lQ( 1/6 N(e{3 2 N)H < lOepf^N 3 
This yields that 

EE(EXi(*,m))(£tt(*,m)) > ^&& N * ( 29 ) 

i^j k rn rn zuu 

Then the inequality above imply that there exists two indexes io,jo, io 7^ jo 
such that 

£ (£Xio(*,™)) (£**>(*, ™)) ^ lO- 26 ^ 2 ^ 3 . (30) 

km m 

Let io < jo and let Qi = ^4j , Q2 = ^4j - Recall that io, jo £ V. Consider the 
sum 

££xQi(s)XQ 2 (s '+ re)x A {s ' + re 2 ) (31) 
Split the sum (31) as 

£ £xQi(s)xq 2 (s + re) (5 m+r XE 1 xE 2 (s + re 2 ) + f A (s + re 2 )) = 

s r 
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= ^2^2xQi(s)XQ2(s + re)XE 1 xE 2 (s + re 2 )6 m+r + 

s r 

^2^2xQi(s)XQ2(s + re)f A (s + re 2 ) = 

s r 

= E E (s)xq 2 (s + re)5 m+r + 

s r 

^2J2xQi(s)XQ2(s + re)f A (s + re 2 ) = 

s ■<■ 

= 5 E E (s)Xq 2 (s + re) + E E XQi (%Q 2 (s + re) (5 m+r -5) + 

s r s r 

J2J2xQi(s)XQ2(s + re)f A (s + re 2 ) (32) 

s r 

By Theorem 3.8 the third term in (32) does not exceed 2a 1 / A [3ff3%N 3 . By 
inequality (30) we have the first term in (32) is at least lO" 26 ^ 11 /? 2 /^ iV 3 . Let 
us estimate the second term in (32). Let H be the set of m such that the 
following inequality holds \S m — S\ > a 1 ^ 3 . We have J2 m \$m — $\ 2 < afi 2 N ', 
then \H\ > a^ 3 N. Now, let s = ke x + me 2 . We get 

\J2J2xQi(s)XQ 2 (s+re)(5 m+r -5)\ = \ XQ 1 (k,m)x Q2 (k+r,m+r)(5 m+r -5)\ 

s r k,m,r 

= EExOi( fc . m - r )XQ 2 (Hr,m)(5 m - 5)\ = o x = a 2 + a 3 , 

k,r rn 

where by a 2 , <r 3 we define the sums over m H and m G H respectively. 
The sets E 1 , E 2 is 10- 330 ^ 4 /3| 4 5 132 -uniform. By Lemma 3.1, we get 

°2 = IE E XQi(k,m - r)xQ 2 (k + r,m)(5 m - 5)\ < 

k,r m£H 

< « V3 E E Xe, (k) XEl (k + r) X E 2 (m) X E 2 (m - r) < 2a ^/^iV 3 (33) 

k,r rn 

Further 

a 3 = IE E XQi(k,m - r)xQ 2 (k + r,m)(5 m - 5)\ < 

k,r m£H 

< E E Xfii {k)xE 1 (k + r)x H {m)xE 2 (m - r) (34) 

k,r rn 
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Let 7\ be the set ofr such that | £ fc XE 1 (k)xE 1 {k + r) -ffiN\ > ( 1/6 N, and T 2 
be the set ofr such that | Y,kXH(k)xE 2 (k + r ) — P2\H\ \ > ^^N. By Lemma 
3.1, we have \T 2 \ < ( 1/6 N. It follows that 

^3 < (±2xE l ( k )XE 1 ( k + r ))(±2xH(m)xE 2 (m-r))+ 

r€(TiUT 2 ) k m 

+ J2 (J2xE 1 (k)xE 1 (k + r))(J2xH(m)xE 2 (m-r)) < 

r^(TiUT 2 ) k m 

< 2C 1/6 iV 3 + PlN\H\faN + 2C 1/6 AT 3 < 2a 1/4 [3 2 1 $N 3 . (35) 

Combining (33) and (35), we obtain o~ x < 4a 1/4 f3f(3%N 3 . 

Since a = 1(T 108 5 44 , it follows that (31) > lO- 27 5 u Pl[3%N 3 . By the 
construction of Qi and Q 2 the sum equals the number of triples {(k,m), (k + 
d,m-d),(k,m-d)} in QixQ 2 x A. Since iV > lO 1 ^ 4 /^)" 1 , it follows that 
10 — 27 <5 11 /?j /?|iV 3 > 1 and A contains a corner. This completes the proof. 

4. Graphs. 

Let us consider the set T? N as two-dimensional lattice with the basis 
(ei,e 2 ). 

Let a set A belong to some square E 1 x E 2 of the two-dimensional lat- 
tice 7? N . Let the cardinality of both E 1 and E 2 be n. We shall associate 
with A some bipartite graph Ga (see [12]). Let ip and p be two bijective 
maps from E\ and E 2 to C/ and F respectively and assume U D V = 0. Let 
[/ = {u>i, . . . ,«;„} and V = . . . , v n }. The set of vertices of the bipar- 
tite graph Ga is U U V. We shall connect a vertex Vj with a vertex tUj iff 
(ip' 1 (i) , p' 1 (j)) G A. The set A v = {wi G £/ | (v,Wi) is a vertex in Ga} is 
called the neighbourhood of a given vertex v G V. 

Let A be an arbitrary subset of Zjv- Let A* denote the embedding of A 
in by the rule (x, y) G A* iff x = a — y, a G A. It shall be used in the 
following proposition. 

Proposition 4.1 For any e > there exists N £ G N swc/i i/iai /or an 
arbitrarily N > N £ one can find a set Q C {1, . . . ,N} , \Q\ > N i°gio g iv 
without corners. 

Proof. Behrend's theorem [11] states : for any e > 0, there exists K £ G N 

r 1 log2+e 

such that for any K > K £ there exists A C {1, ...,#}, |A| > if i°gi°g^ 
without arithmetic progressions of length 3. Let K = N/3 > K £ . Using this 
Theorem we can find a set A C [1, . . . j-W/3] without progressions. Let us 
consider the set 7? N and let us enumerate its horizontal lines from down up. 
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Let A C [N/3, . . . ,2iV/3]. Consider translations of the set A : + x 
{0}<2? ^ Z^. By 1 denote the union of all these translations. It is not hard 
to prove that A does not contain a corner. Moreover, A has cardinality at 

o log2+e 

least N log ^ /9. This completes the proof. 

Square matrix M is called nonnegative if its entries are nonnegative. The 
following theorem about such matrices is well-known (see, for example, [16]). 
Theorem 4.2 Let M be a nonnegative matrix and r be its spectral radius. 
Then 

1) r is an eigenvalue of M . 

2) There exists a nonnegative eigenvector corresponding to the eigenvalue 
r. 

Let M = (rriij) be the adjacency matrix of the graph Ga and T = MM' , 
where M is the conjugate matrix. Enumerate the eigenvalues of T so that 
A*i > A*2 > • • • > A*n > 0. Let u±, . . . , u n be the set of orthogonal eigenvectors 
corresponding to the eigenvalues Let ||t?i||| = n, i = l,...,n . Define 
(1 I)- 

Let cti be a real number, < a± < 1. Suppose A C ^ x _E 2 , |A| = 
5 1 Ei 1 1 i?2 1 and the following condition holds 

E (^-5) 2 <«?l^ 2 |. (36) 

mgJ? 2 

Suppose in addition 

(lk ~ 5f < aHE^. (37) 

In the rest of this section, conditions (36) and (37) shall be assumed to hold. 

Lemma 4.3 Let a be a vector in C n and C = (q-,) be a real matrix 
(n x n). Then (Ca, Ca) < \\a\\ 2 • J2i J2j cfj 
The proof is trivial. 

Lemma 4.4 Let e e (0, 1). Let A C E 1 x E 2 be a set, {E^ = \E 2 \ = n 
and let A = 5n 2 . Then /ii > 5 2 n 2 . Furthermore, if \\ui — u\\ 2 < e 2 n then 
Hi < 5 2 n 2 + (2e + a{)n 2 . 
Proof. Let M = (m^). We have (see [16]) 

tun > (M'u, M'u) = E(E<) 2 ( 38 ) 

i 3 
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Combining (38), the Cauchy-Bounyakovskiy inequality and the fact that 
J2i,j m ij — \ A\ — 5n, we obtain 

fi>jBE<) 2 >k<) J = ^ 

" i j U i,j 

Further, if ||ui - u\\ 2 < e 2 n, then (M'u^M'u-i) = (M'u, M'u) + (M'(ui - 
u), M u) + (M u[, M (ui— u)). Let us estimate the term (M u\, M (ui—u)) = 
a. By the Cauchy-Bounyakovskiy inequality, we get 

(M'wi, M'(mx - u)) 2 < (M'u[, M'u[) ■ (M'(m"1 - it), M'(u[ - u)) 

Using 4.3, we obtain 

I \2 ^ \\-> ||2 2 || -» ->||2 2 ^ 2 6 

It now follows that \(M'u[, M' (u\ — u))\ < en 3 . In the same way \(M' ' (u\ — 
u),M'u)\ < en 3 . Hence 

Hxn = (M'mi, M'ux) < (M'u, M'u) + 2en 3 . 

We have (M'u, M'u) = Ei(Ej"4) 2 = n 2 Now, by (36) E m ^ < 

(a 2 + 5 2 )n, so that 

//in < 5 2 n 3 + 2en 3 + a\n 3 

as required. 

We shall prove that a set A is a-uniform iff the graph Ga is quasi-random 
(see [10]). 

Lemma 4.5 Let e G (0, 1). Let A C ExX E 2 be a set, \Ei\ = \E 2 \ = n and let 
A have cardinality Sn 2 . If A is a-uniform with respect to the basis (ei,e 2 ), 
and \\ui — u\\ 2 < e 2 n, then fx 2 < c^^n 2 + A^/en 2 + Adjoin 2 . Conversely, if 
/i 2 < V n2 an d ll^i — ""II 2 < e<ln J then A is a-uniform with respect to the basis 
(e*i, e 2 ), where a = n + 16e + 16«i. 

Proof. Since tr(T) = tr(MM') = ££=iA*» = Y.k,i m \k = 5n<2 , it follows that 

X> = 5n 2 . (39) 
i=i 

Denote the neighbourhood of vertex v p in the graph Ga by A p . Since 
tr (T 2 ) = E"=i A*? = E Pl9 I E fc ^pfc^fcl 2 , it follows that E?=i «f = E M I A> f] A q 
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Using \\ui— u\\ 2 < e 2 n and Lemma 4.4, we get 5 2 n 2 < Hi < 5 2 n 2 +2en 2 +a 2 n 2 
Hence 



E l^nV-^ 4 = Eft ? -^ = E^ + ^ + 3«!y. (40) 

p,g=l i=l i=2 

where \6\ < 1. 

Let s = fcei + /e 2 and /(s) = f(k,l) be the balanced function of A. By Bi 
denote the restriction of A to /-th horizontal line. We have 

N N 

EIE/(M)/(M)I 2 = 



= E IE (XA(M) - ^mXEixB 2 (^,0)(xA(A;,0 -5mXSixE 2 (^,t))| 2 = 
Z,t=l fc=l 

E ||s,ns t |-<j,(j t n| 2 = E |5,ns t | 2 -2n E ^t|5,ns t |+n 2 E W 

MeE 2 «,ies 2 Me£ 2 i,teE 2 

= E \B l nB t \ 2 -2nj: (EfeK0) 2 + ^ 2 (E^) 2 (41) 

Ue£ 2 ueEi «eE 2 «e£ 2 

Let us estimate the third term in (41). By the Cauchy-Bounyakovskiy in- 
equality, we get 

n 2 (E*?) 2 >*V- (42) 

On the other hand, we can rewrite inequality (36) as J2ige 2 $i — (^ 2 + a l) n , 
so that 

n 2 (E^) 2 <5 4 n 4 + 3aln 4 (43) 
ieE 2 

Combining (42) and (43), we obtain 

n 2 £ = ^ + 3^i« 2 n 4 , (44) 
i,teE 2 

where \9i\ < 1. Let us estimate the second term in (41). We have 

E 5 iXa(v,1) = ^2(5 1 -5)xa(v,1)+5 E Xa(v,1) = '%2(5 l -8)xA(v,l)+n8'y v 

1<=E 2 l£E 2 l€E 2 leE 2 
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Combining (36) and the Cauchy-Bounyakovskiy inequality, we get 



n 2 



1&E 2 l£E 2 l£E 2 



Let p(v) = J2i£E 2 (,$i ~ d)XA(v,m). Then \p(v)\ < a\^j v n. Let us write the 
second term in (41) as 



°i = 2n E ( E 5 iXa(v, I)) 2 = 2n E (p( v ) + n hv) 2 = 



l 2 

vGEi I&E2 v£Ei 



= 2n( E P\v) + 2nd E p{v) lv + n 2 5 2 E ^) = 2nH 2 E 7 2 + 6^m 4 , 
dG-Ei ueBi veEi veEi 

(45) 

where |^| < 1- By the Cauchy-Bounyakovskiy inequality, we get E«e£i it > 
5 2 n. By (37), it follows that E„eEi 7 2 < (5 2 + a: 2 )n. Hence 

<Ti = 25V + 8# 3 a!n 4 , (46) 

where |6> 3 | < 1. Substituting (44) and (46) in (41), we obtain 

0= E |£,nfl t | 2 -<? 4 n 4 + llai0 4 ra 4 , (47) 

i,teE 2 

where |0 4 | < 1. Clearly, E^te^ I- 5 ' n ^t| 2 = E Pl9 I A> H A?| 2 - Substituting 
this equality and (47) in (40), we get 

n N N 



E^ = J2\J2 f^ l )f(k,t)\ 2 + e 5 n 4 (Ua l + 12e), (48) 

i=2 i,t=l fe=l 

where |6> 5 | < 1. 

If A is a-uniform, then E^=i I £*Li f(k, l)f(k,t)\ 2 < an 4 . It follows that 

p\ < H?=2Vi < an 4 + 16en 4 + 16ain 4 . Hence p 2 < a 1/2 n 2 + A^en 2 + Aa\ /2 n 2 . 
Conversely, if p 2 < nil 2 , then by (39) and (48), we get 

n 

E I E /(MTIMI 2 < E^ + ^ 4 + 16 ai n 4 < 

P,q k i=2 
n 

— P2 Pi + 16en 4 + 16o;in 4 < ^<5n 4 + 16en 4 + 16o;in 4 . 
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This completes the proof. 

Lemma 4.6 Let B = (6^) be a matrix (n x n) such that \bij\ < D. Let 
v = (yi, . . . , v n ), (y, v) = n be the eigenvector of matrix B, corresponding to 
the eigenvalue A , |A| > anD, < a < 1. Then for any £ > 0, £ < 1/2 there 
exists a natural number m, m < 4/(a£) 2 , complex numbers Ci,...,c m and 
disjoint sets F 1 , . . . , F m C {1, . . . , n} such that 

1) {l,-..,n} = U™i^. 

2) For any i G {1, . . . , m} and j G Fj |i>j — q| < £ 
5/ For any i E {1, . . . ,m} |q| < 1/a. 

Proof. For any « G {1, . . . , m} we have 

n 

fc=l 

It follows that, for any i — 1, . . . ,m \vi\ < 1/a. By U denote the closed 
disk in C with center in and radius 1/a. Split the set U into m sets 
Ui, . . . , U m , m < 4/(a£) 2 such that diameter of an arbitrary set is at most 
£. Let ci, . . . , c m be an arbitrary points from U\, . . . , U^. Let us consider the 
sets 

F = {j : Uj- G f/i}, i = l,...,m. 

The sets Fl, . . . , F m and the numbers c±, . . . , c m satisfies 1) - 3). This com- 
pletes the proof of Lemma 4.6. 

Lemma 4.7 Let C be a set and A C C , \A\ = S\C\. Let Qi, . . . , Q m be a 
partition of C. Let B be the set of i such that \A fl Qi\ < (5 — rj)\Qi\, rj > 0. 
Then 

J2\ Ar) Qi\> s J2\Qi\ + 'nJ2\Qil ( 50 ) 

i(£B i(£B ieB 

Proof. We have 

m 

5\c\ =J2\AnQ t \ = Y,\AnQ l \ + Y J \AnQ l \ < (8-n)Y,\Qi\ + Y,\ A nQi\ 

i=l ieB i£B ieB i£B 

(51) 

Using (51), we get 

Xl^nQ,| >5\C\-5J2\Qi\+vT,\Qi\ = 

i^B ieB ieB 

m 

= <5X W -*T,\Qi\ + vT,\Qi\ = tT,\Qi\ + vT,\Qi\- ( 52 ) 

i=l ieB ieB i£B ieB 
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This completes the proof. 

Lemma 4.8 Let A be a set A C E\ x E 2 , \E 2 \ < \Ei\ and A have 
cardinality 5\Ei\\E 2 \. Then for any ( > 0, ( < 5 2 either A satisfies (36), 
(37) with Oi\ = C, or there exist sets G\ and G 2 , G\ C E\, G 2 C E 2 such 
that 

\A[](G 1 x G 2 )\ >(5 + C78)|Gi||G 2 | and (53) 

|Ci|, |C 2 | > C 3 |^ 2 |/8. (54) 

Proof. If both inequalities (36), (37) are true for a± = (, then we obtain 
the result. Suppose inequality (36) does not hold. In this case, there exists 
at most ( 2 \E 2 \/2 choices of m such that \5 m — 5\ > C/2. Let n = \E 2 \. 
By B + denote the set of m such that 5 m > 5 + (/2 and by B~ denote the 
set of m such that 5 m < 5 - C/2. Then either \B + \ > ( 2 n/4 or \B~\ > 
C 2 n/ 4 - If \B + \ > (n/2, then put d = E u G 2 = B+. Clearly, G 1: G 2 
satisfies condition (54). Let us check (53). We have |Af|(<Ji x ^2)! = 
\Gi\EmeG 2 Sm > (5 + C/2)|Gi||G' 2 |, so that (53) is true. If \B~\ > C 2 n/4, 
then put Gi = Ei, G 2 = E 2 \ B~ . Let us consider the partition E 1 x E 2 into 
the sets Qi — E\ x {x}, x G E 2 . Obviously, for any i G E 2 the cardinality of 
Qi equals \Ei\. By Lemma 4.7, we get 

\A n (d x G 2 )\ = J2 \AnQ t \>5 IQ<I + | E \Qi\ 

i£B~ i£B~ ieB- 

Since \B~\ > ( 2 n/4:, it follows that 

\A n (Gi x G 2 )\ > 5|Gi||G 2 | + v n l^il ^ ( 6 + v)l G iH G 2|. (55) 

8 8 

This implies that G\,G 2 satisfies condition (53). We shall show that condi- 
tion (53) is also true. Using (55), we get 

|Gi||G 2 | > \An{d x G 2 )\ > ^l^il- 

8 

Hence \G±\ > n( 3 /8. This completes the proof. 

Let Hi be the nonnegative eigenvector corresponding to the first eigen- 
value /ii of matrix T, and u 2 be the eigenvector corresponding to the second 
eigenvalue \i 2 . Vector U\ exists by Theorem 4.2. Let (ui,Ui) = (u 2 ,u 2 ) = n 
and (Hi, u 2 ) = 0. Define u — (!,...,!). 
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Proposition 4.9 Let A C E 1 x E 2 be a set, \Ei \ = \E 2 \ = n and let A have 
cardinality Sn 2 . Let a > be a real number and 

A is not a-uniform with respect to the basis (ei,e 2 ). (56) 

// \\u — ui\\ 2 < a 2 /36 ■ n then one can find the sets G\ C E\ and G 2 Q E 2 
such that 

\Af]{G 1 x G 2 )\ >(5 + 2- 200 a 60 )|G 1 ||G' 2 | and \G 2 \ > 2- 200 a m n. (57) 

// \\u — Ui\\ 2 > a 2 /3Q ■ n then (57) takes place even if (56) is not suppose to 
be true. 

Proof. We can assume that inequalities (36), (37) hold for <y,\ = 2~ 56 a 20 . 
If it is not true, then we can find G±, G 2 by Lemma 4.8. 
Case 1. \\u — Ui\\ 2 < a 2 /36 • n. 

By assumption A is not a-uniform. By Lemma 4.5, it follows that [i 2 > 
an 2 /2. Let £ = (e^) be the matrix (n x n) such that — 1, i,j — 1, . . . , n 
and put M x M 58, T x = M X M[. We have 

(M'u 2 , M'u 2 ) = (M[u 2 , M[u 2 ) + (M[u 2 , 58u 2 ) + (58u 2 , M[u 2 ) + (58u 2 , 58u 2 ) 

(58) 

Let us estimate the second term in (58). Since (ui,u 2 ) = 0, it follows that 
(u,u 2 ) = (u — u 1 ,u 2 ). Combining the Cauchy-Bounyakovskiy inequality and 
the inequality \\u — Ui\\ 2 < a 2 /36n, we obtain 

\{u,u 2 )\ 2 < \\u - u-ifn < a 2 /36n 2 . (59) 

We have 8u 2 = u(u,u 2 ). Using 4.3, the Cauchy-Bounyakovskiy inequality 
and (59), we get 

\(M[u 2 ,58u 2 )\ 2 < (M[u 2 ^ x u 2 )\8u 2 ,8u 2 ) < n 3 (u(u,u 2 ),u(u,u 2 )) < a 2 /36n 6 

(60) 

Hence \(M[u 2 , 58u 2 )\ < 2 6 an 3 . In the same way \(88 u 2 , M[u 2 )\ < 2 6 an 3 
and \(58u 2 ,58u 2 )\ < 2~ 6 an 3 . Finally, we obtain 

an 3 /2 < fi 2 n = (Tu 2 , u 2 ) = (M'u 2 , M'u 2 ) < (M[u 2 , M[u 2 ) + %i 3 . (61) 

(M[u 2 , M[u 2 ) > an 3 /4. (62) 
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By ciij denote the entries of the matrix M[ and by Xi denote the entries 
of the vector u 2 . By the Cauchy-Bounyakovskiy inequality, it follows that 
| J2k=i a ikXk\ < n, for any i — 1, . . . , n. Using (62), we get 

n n n n 

jn 3 < E I E aikXk I 2 < n E I E a *fc x fc I ( 63 ) 
4 i=i fc=i i=i k=i 

Clearly, all entries of the matrix T are bounded by n. Let us apply Lemma 4.6 
to the matrix T and its eigenvector u 2 with parameters D = n and £ = a/ 16. 
By this Lemma we can find the sets F±, . . . , F m , m < 2 n a~ 4 and the complex 
numbers Ci, . . . , c m such that conditions 1) — 3) are satisfied. Combining (63) 
and the triangle inequality, we obtain 

n m a 

EEI E a * fea:A; l - 1™ 2 ^ 

i=lj=l k£Fj 4 

Define 

B = {j : |Fj| < 2" 16 a 8 n} (65) 
By the Cauchy-Bounyakovskiy inequality, we get 

E E I E ^x k \ < n 2 ™^ < -n 2 (66) 
i=ijeB keFj ° 

Hence 

n 

EE I E a ik*k\ > ^n 2 (67) 

i=l j(£B keF 3 

Using properties 2), 3) of Lemma 4.6, we obtain 

a n 2 n 

—n 2 < E E I E a ^Cj\ < ~ E E I E (68) 

10 j=l j£B fceFj " i=l j^B fcGFj 

Let us consider the sets 

J+ = {i | j £ £, £ a ifc > 0}, and J~ = {i | j £ £, £ a* < 0} (69) 

keFj k£Fj 

Let C be the set of k such that (7^ — S\ > By (37), we have |C| > ctin. 

Let C = {1, . . . , n}\C. Note that for all j ^ B the following inequality holds 
|C| < «in < ^/aTlFjI. We have 

IE E a ik\ = \n E(7fc-^)l ="-1 E (7fc~<5)+ E (7fc-*)l< 
i keFj keFj keFjiic keF^nc 
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a 2 



< \C\n + y/^\Fj\n < 2^1^171 < -^\Fj\n 



It follows that 



a 2 

\12 12 a ik + 12 12 a ik\ = 11212 a ik\ < ^J^V 

ieJ+keFj ieJrkeFj i keF 3 

Hence | £ ieJr EfceF,- Oik\ < E ieJ + EfcgF, a ik + a 2 \Fj\n/ 16. Using (68), we get 



a 



-n 



< 12 12 12 «*■ (70) 



128 HB i€J+ k&F 3 

Let jo ^ B be the index for which the sum Ejgj+ Efceir,- is maximal. Then 

ieJ+ keF jQ 

By (71), it follows that |J+| > 2~ 18 a 6 • n. Put d = F jo and G 2 = Jj. Since 
jo ^ 5, so that | Gi| > 2~ 16 a 8 n. Using (71), we get 

\Af)(G 1 xG 2 )\>(5 + 2- ls a (i )\G 1 \\G 2 \. 

It is clear that the sets G±, G 2 satisfies the conditions (57). 
Case 2. \\u — Ui\\ 2 > a 2 /36 ■ n. 
Since (ui,u) > 0, it follows that 

a 2 /36 • n < \\u — ui\\ 2 = (u, u) — 2(u, u\) + (Hi, u\) = 2n — 2(u, u\). 

Hence 

< (ui, u) < n - 2~ 13 a 2 ■ n (72) 
We have S 2 = nS and Su\ = u(u,Ui). Then 

ui) = ui) - (J(5M'ui, ui) - S(M£u 1 , + <5 2 (£ 2 w 1? ux) = 

= (Tui,ui) -<J(M'ui,5«i) -5(M5ui,«i) + <5 2 n|(w~i, w)| 2 = <r (73) 

Let us calculate the term (M ui, Sui) in (73). (M«i,£ui) = («,ui)(Mui,«i) = 
(u, Mtt). Let -u equals {(<5 m — 5) }^ =1 . Then M-u = 5nu+nv. It follows 
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that (ui,Mu) = 8n(u,Ui)+n(ui,v). Combining the Cauchy-Bounyakovskiy 
inequality and (36), we obtain 

(u^vf < 1 1 -t* 1 1 1 1 1 1 ^1 1 1 = n^2(5 m - 5) 2 < a\n 2 

m 

Hence (M' ' u\, £u\) = 5n(ui,u) 2 + 9ain 3 , where \9\ < 1. In the same way 
(M£ui,ui) = 5n(ui,u) 2 + ^i«in 3 , where \9i\ < 1. It follows that 

a > (Tui, mi) - 5 2 n{u u uf - 2a 1 n 3 '. (74) 

By Lemma 4.4 /ii > 5 2 n 2 , so that (Titi,ui) = Hi(ui,ui) > 5 2 n 3 . Using this 
and (72), we get 

(7iui,ui) > 2~ 13 a 2 n 3 (75) 

The only difference between (75) and (62) is the inequality (75) has the 
vector u 2 instead of the vector U\. Vector U\ as u 2 is the eigenvector of 
matrix T. Moreover the eigenvalue [i\ corresponding to the vector u 2 more 
than eigenvalue /j, 2 corresponding to the vector U\. So, there exist sets G\ and 
G 2 , Gi C E u G 2 C £ 2 such that |Gi|, \G 2 \ > 2- 200 a 60 n and |An(Gi xG 2 )| > 
(5 + 2- 200 ct 60 )|G'i| |C 2 |- This completes the proof. 

In Proposition 4.9 the set E 1 x E 2 is a square. Let us consider the case 
when Ei x E 2 is a box. 

Proposition 4.10 Let A CE 1 xE 2 be a set of size 5\Ei\\E 2 \. Let a > 
6e a real number and A is not a-uniform with respect to the basis (e"i,e 2 ). 
Then there exist two sets G\ C E\ and G 2 C E 2 such that 

|Af|(Gi x G 2 )| > (5 + 2- 500 a 70 )|G'i||G' 2 | and (76) 

Idl, \G 2 \ > 2- 50 V°min{|E 1 |, \E 2 \}. (77) 

Proof. We can assume that inequalities (36), (37) hold for a± = a/ 10. If 
these inequalities are not true, then we can find G\, G 2 by Lemma 4.8. Let 
K C E 1 x E 2 be an arbitrary set. Define ^(s) = (xa(s) — S)xk(s)- Let 
g = gE!xE 2 , £ (s) = (3 ~~ b~m)XE 1 xE 2 (s) an d f(s) be the balanced function of 
A. Then f(s) = g(s) + e(s). Since the set A is not a-uniform, it follows 
that ll/H > a|£i| 2 |£ 2 | 2 . By Lemma 3.6, we have ||/|| < \\g\\ + ||e||. Norm 
of the function e(s) equals (|£i| 2 E m ,i(( S ~ 5 m)(5 - c^)) 2 ) 1/4 - Using (36) 
with a x = a/10, we obtain \\e(s)\\ < a(\Ei\ |£ 2 |) 1/2 /10. It follows that 
II^H 4 > a\E 1 \ 2 \E 2 \ 2 /2. 
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Let us prove that there exist sets W 1 C E u W 2 C E 2 \W 2 \ < \Wx\ < 2|W 2 | 
such that Hfi'Wix^ l| 4 > a|W^i| 2 | W^| 2 /16. Without loss of generality it can 
be assumed that \E 2 \ < |£x|. If \E 2 \ < \E X \ < 2\E 2 \, then put W 1 = E 1 , 
W 2 = E 2 . In the converse case we have > 2\E 2 \. Let E x = \J i=1 RiUW, 
where |i?i| = ... = \R t \ = \E 2 \ and \W\ < \E 2 \. If \W\ > \E 2 \/2, then 
\W\ < \E 2 \ <2\W\. lf\W\ < \E 2 \/2, then split R t UW into the sets Y U Y 2 of 
same size. In any case, we can find the partition of E\ x E 2 into m squares 
Zi x £ 2 such that \Z { \ < \E 2 \ < 2\Z { \. Note that m < t + 2. 

Let #j = gZixE 2 , i — 1, ■ ■ ■ ,m. We have #(s) = Yli9i(s)- Let S be the set 
of i such that ||<?i|| 4 > a\Zi\ 2 \E 2 \ 2 /16. Then we have \B\ > am/16. Assume 
the converse. Then 

m 

Nl 4 = E \T,9(k,p)gJk^)\ 2 = £ IEE^(M<^(MI 2 < 

P,<2 fe p,<j i=i fe 

< ™E E \ J29i( k ,P)9i(K q)\ 2 = m E E \J29i(k,p)9i(k, q)\ 2 + 

i P,q k i&B p,q k 

+™EElE&(M<^(M| 2 < am 2 |£ 2 | 4 /8 < c^H^A (78) 

j^B P,9 k 

This contradicts the inequality \\g\\ A > a\E\\ 2 \E 2 \ 2 /2. Suppose for alH G B 
the following condition holds S Zl xE 2 (A) < 5 - 2~ 450 a 64 . Let S = U^ B ^i- 
Let us apply Lemma 4.6 for the matrix T and the eigenvector u 2 of T with 
parameters D = n and £ = a/16 and let us apply Lemma 4.7 to the set 
C = Ei x E 2 and its partition into the sets Qi = Zi x £ , 2 . By Lemma 4.7, 
we get 

El^n(^x£ 2 )| = \An (SxE 2 )\ >5\An(SxE 2 )\+2~ 450 a 6A J2\ z i xE 2\ 

i^B ieB 

(79) 

For any Z i7 Zj we have < 2\Zj\. Using this fact and the inequality \B\ > 
am/16, we obtain Y^ ieB \Zi x E 2 \/y^^ B \Z { x E 2 \ > 2" 5 a and 5 S xE 2 (A) > 
5 + 2" 455 a 65 . Put Gi = 5 and G 2 = £ 2 . Using (79), we get |Gi||£ 2 | > 
2- A50 a m \Z 1 \\B\\E 2 \/2 > 2- 455 a 65 |E 1 |. d and G 2 satisfies the conditions (76), 
(77) which prove the Proposition. Thus there exists i such that ||<7j || 4 > 
a|Zj 2 |£ 2 | 2 /16 and 5 Zi ^ E2 {A) > $ ~ 2- 450 a 64 . Put W 1 = E 2 , W 2 = Z io . 
If \Wi\ > 3/2\W 2 \, then split W 1 x W 2 into a square K and a rectangle P 
such that \K\ = \W 2 \ 2 , P = P 1 x P 2 , where \P 2 \ = \W 2 \, |Pi| > |Wi|/2. 
If |W 2 | < \Wi\ < 3/2\W 2 \, then split W 2 into two equal parts and split W\ 
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into two parts so that the length of the first part is \W 2 \/2. Then W\ x W 2 
partitioned into 2 squares and a rectangle. 

In both cases the rectangles P = Pi x P 2 obtained under the described 
construction has the property that \P 2 \ < \P\\ < 2\P 2 \. We can also split any 
of the obtained rectangle the way we have just done above. Let us iterate 
this procedure k times, k = 21og 2 (l/a:). We obtain at most 2 k+1 squares 
Ki and at most 2 k+1 boxes. The number of points in all boxes is at most 
(2/3) fe |Wi| \W 2 \. By C denote the union of all these boxes. Then ||gc|| < 
{2/3) k l 2 \W l \ 1 ' 2 \W 2 \ l l 2 < {a/lQf^W^W^ 1 / 2 ^. We have \\g Wl xw 2 \\ > 
{a/lQfl^Wi^W^ 1 ' 2 and g Wl xW 2 = Y,i9K t + 9c- By Lemma 3.6 there 
exists h such that \\g Kii \\ > {a/lQf/^W^^W^ 1 ' 2 /2 k+2 . Let F = K h and 
F = Ki U C. The length of each Ki is at least 2~ k \W 2 \. The length of 
each rectangle from C is at least 2"( fc+1 )|W / 2 |. Hence |F| > a 4 |F|/10. 
If S-p(A) > 5 + 2 _450 a 64 , then the density of A in one of the squares Ki, % ^ i\ 
or in one of the rectangles from C is at least S + 2~ 450 a 64 . Denote by G\ and 
G 2 the sides of this square or rectangle. Then the sets G\,G 2 satisfies the 
condition (76) . The length of an arbitrary square Ki and any box from C is 
at least 2~( fe+1 )|W /, 2 |. Hence the sets Gi,G 2 satisfies the condition (77). 
Let us assume that S T (A) < 5 + 2- 210 a 64 . Let A 1 = AnF,A 2 = An F. 
Then 

(5-2~ 450 a 64 )|H/ 1 ||H/ 2 | < \A\ = |^i| + |A 2 | <5 F (A)\F\ + (5 + 2- 450 a (i4 )\F\. 

(80) 

Combining (80) and the estimate |F| > a 4 |F|/10, we get Sp(A) > 5 — 
2 _445 a 60 . Let us apply Proposition 4.9 to the square F. By this Proposition 
there exist the sets G±, G 2 such that the conditions (76) and (77) is take 
place. This completes the proof of Proposition 4.10. 

5. Proof of main result. 

To prove Theorem 1.4 we need several lemmas. 

Lemma 5.1 Let A C E 1 x E 2 be a set of cardinality 8\Ei\\E 2 \ and /a be 
the balanced function of A. Then - > as 5 — > 1. 

Proof. By A p denote the neighbourhood of vertex v p in the graph Ga- 
Then 

°=\\fA\\ 4 = E ||Anf|A>|-^Wl| 2 = 

m,p£E2 

= E \A m f)A p \ 2 - 2^1 J2 l^n^l^P + l^il 2 E Op (81) 

m,p£i?2 m,pGE2 m,pGE2 
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Clearly, |Anf| A>| > ( S m + S p - l)|Pi|. It follows that 

2|Pi| \A m C\A p \8 m 8 p >2\E 1 \ 2 £ (5 m + 5 P - l)5 m 5 p = 

m,peE 2 m,p€E2 

2\E,\ 2 ]T {5 2 m 5 p + 5 m 5l-5 m 5 p ) = A5\E X \ 2 \E 2 \ £ 5 2 m -25 2 \E 1 \ 2 \E 2 \ 2 (82) 

m,p£E2 m£E 2 

Note that <J m < 1. Then 

l^il 2 £ ^ = l^il 2 ( £ C) 2 <l^il 2 ( E 5 m ) 2 = 5W|£ 2 | 2 (83) 

m,p£E2 mei?2 TO6-E2 

Combining (82), (83), the Cauchy-Bounyakovskiy inequality and (81), we 
obtain 

°< E lEx^,m)x^,p)| 2 -45|£; 1 | 2 |£; 2 | E S 2 m + 35 2 \E 1 \ 2 \E 2 \ 2 < 

m,p£E 2 k mGi?2 

< E (£xi(*,™))(£xi(M)-4<W( E 5 m ) 2 + 35 2 |E 1 | 2 |E 2 | 2 

= 4S 2 \E 1 \ 2 \E 2 \ 2 - 4<? 3 1 .Ei| 2 1 £2 1 2 = 4|Pi| 2 |P 2 | 2 5 2 (l - 5). (84) 

By (84), it follows that ||/a|| — > as 5 — > 1. This completes the proof. 

Two-dimensional arithmetic progression P is called right square if P = 
Pi x P 2 , where Pi, P 2 are one-dimensional arithmetic progressions with equal 
differences and cardinalities. 

Let P = {a,a + d, . . . ,a + (t — l)d} x {b,b + d, . . . ,b+ (t — l)d} be a right 
square and let E be a set. The right square P is isomorphic to the square 
{1, . . . ,t} 2 . Let the isomorphism <p is given by ip(a + kd, b + Id) = (k,l), 
where k, I — 1, . . . , t. The set E is called a-uniform in right square P, if the 
set ip(E fl P) is a-uniform in right square {1, . . . ,t} 2 . In other words E is 
a-uniform in right square P, if the balanced function / of the set ip{E fl P) 
satisfies (11). 

One-dimensional case of Theorem 5.2 was actually proved in [6] (see also 
[14])- 

Theorem 5.2 Let e,5 be a numbers, < e < 5 and let a(s) = Ks p , 
K E (0, 1], p > 4. Let W C {1, . . . , N} 2 be a set of size 5N 2 and N > 
(C« Cl )- (1/c2)1/ °, where C = 2 1000 ^ Cl = lOOp, c 2 = 2~ 128 and a = a(e). 
There exist right squares Pi, . . . , Pu Q {1, • • • , N} 2 and the partitions of W 
into the sets W fl Pi, . . . , W fl P 2 and B such that 
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1) For any i the set W is a{8p i {W)) -uniform in progression Pi. 

l/a 

2) For any i we have \W fl Pj| > e\Pi\ and \Pi\ > N c z . 

3) \B\ < AeN 2 . 

Proof. To prove this Theorem, we need several lemmas. 

Lemma 5.3 Let s and N be a natural numbers, s < N and <p '■ Z 2 N — > Zn 

be a function such that <fr(x,y) = r\x + r 2 y, (Vi,r 2 ) ^ 0. Then Zn can be 
partitioned into arithmetic progressions Pi, . . . , Pm, M < 8N 4 ^ 3 / s 2 ^ 3 with 
the same difference such that the diameter of <f>(Pi x Pj) is at most s for any 
i,j G {1, . . . , M} and the lengths of any two Pj differ by at most 1. 
Note. The lengths of progressions P\, . . . Pm in Lemma 5.3 are at least 
N/M> s 2 / 3 /( 16^/3). 

Proof of Lemma 5.3 Let t = f(A^ 2 /s) 1 / 3 /2] . Let us consider t 2 + 1 vec- 
tors 0, (r 1 ,r 2 ),2(r 1 ,r 2 ), . . . ,t 2 (r 1 ,r 2 ) G Z 2 N . Let us split the set [1,N] 2 into 
t 2 squares of same size. The side of any such square equals N/t. By the 
pigeonhole principal one of the squares will contain two vectors. Suppose 
that these vectors are ti(ri,r 2 ) and £2(^1,^2) and let t 2 > ti. Put u — t 2 — 1±. 
Then < u < t 2 and |wri|,|wr 2 | < N/t. Split {1,...,N} into congruence 
classes mod u. Each congruence class is an arithmetic progression of car- 
dinality either [N/ u\ or \N/ u] . Let P and Q be arbitrary sets of at most 
st/2N consecutive elements of two congruence classes. Then the diameter 
of (f)(P x Q) is at most 

|uri||P| + |ur 2 ||Q| < N/t ■ st/2N + N/t ■ st/2N = s. (85) 

We have st/2N < N/3t 2 < l/2[N/u]. Clearly, each congruence class can be 
divided into at most 4N 2 /(ust) sub-progressions Pj, \Pj\ < st/2N such that 
the lengths of any two Pj differ by at most 1. Since the congruence classes 
themselves differ in size by at most 1, it is not hard to see that the whole 
of Zjv can be thus partitioned. Hence, the number of sub-progressions is at 
most 8N 4/3 /s 2/3 . Moreover, for any i,j G {1, . . . , M} the diameter 0(Pj x Pj) 
is at most s. This completes the proof. 

Lemma 5.4 Let a G (0, 1) and N > 2 W0 /a 10 . Let A C Z% be a set of size 
SN 2 and suppose that \xa{t)\ > aN 2 for some f 7^ 0. Then the set Z 2 N can be 
partitioned into right squares Si,...,S r of same size and the set £1 such that 
\S t \ > N 1 / 2 , i = l,...,r,\n\< iV n /6 andl/r-E r j=1 \5 Sj (A)-8\ 2 > a 2 /16. 
Proof of Lemma 5.4 Let f = (ri,r 2 ) and s = [aN/(An)\. Since > 
2 100 /a 10 , it follows that s 7^ 0. Let us apply Lemma 5.3 with parameters s and 
N to the function <f>(x, y) = r\x + r 2 y. By this Lemma there exists a partition 
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of Ztv into arithmetic progression with the same difference Pi, ... , Pm, M < 
87V 4 / 3 / s 2 / 3 such that the diameter of 0(Pj x Pj) is at most s for any i,j e 
{1, . . . , M} and the lengths of any two Pj differ by at most 1. 

Let s = kei + me 2 n f(s) = Xa(s) — 5. Since r ^ 0, it follows that 
f(r) = Xa(t)- We have 



/(fc, m)e(— (ri/c + r 2 m)) 



(86) 



Let us consider the partition into the sets p^- = Pj x Pj. Note that the 
number of these sets is M 2 . By the triangle inequality, it follows that 



M 



E | E f(k,m)e(-(r 1 k + r 2 m)) 

i,j=l (k,m)ePij 



> aN 2 



(87) 



Let i,j be any numbers, i,j G [1,M] and Wij be any elements of P^. By 
Lemma 5.3, it follows that diameter <j>(Pij) is at most aN/4n. Hence for any 
w e Pij we have \e(-(<f>(w))) - e(-(<f>(wij)))\ < a/2. By (87), it follows that 



M 



E | E 

i,j=l (k,m)ePij 



M 



53 | 53 /(&,™)e(-0(*%)) 

ij'=l (k,m)ePij 



> 



Al 



> E | E /(*,m)e(-0(*,m)) 

i,j'=l (k,m)ePij 



M 



E| E f(k,m)(e(-(f)(k,m)) - e(-0(?%))) 

?J=1 (k,m)ePij 



> 



Al 



(88) 



> aiV 2 - ^ a/2\P ij \ = aN 2 /2 
*,i=i 

Let us show that for any P^ we can find right square S such that S C P^- 
and |S| > iV 1 / 2 . 

Recall that lengths of Pj and P, differ by at most 1. If |Pj| = \Pj\, then 
put S = P^. Since |P|, \Pj\ > a 2 / 3 /(16(4vr) 2 / 3 )iV 1 / 3 , it follows that \S\ > 
a 4 / 3 /(2 8 (47r) 4 / 3 )iV 2 / 3 . By assumption N > 2 100 /a 10 , so that \S\ > N 1 / 2 . 
Suppose lengths of p and Pj are not equal. We can assume without loss of 
generality that |p| = \Pj\ + 1. Let p = {x}UQ, where Q is an arithmetic 
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progression. Define S = Q x Pj and = ifl ({x} x P,). Then > A 1 / 2 
and < \Pj\. 

After having repeated this procedure for all the sets Py we shall obtain a 
family of A right squares Si, . . . , S r , r = M 2 of same size. By Q denote the 
union of all i, j = 1, . . . , M. Then |Q| < 2M 2 N/M < A 11 / 6 . Using this 
and (88), we get 

E| E f(k,m)\>aN 2 /A (89) 
seA (k,m)es 

Let 5j = 5s (A). By t denote the number of elements in each square from A. 
Using (89), we have 

r 

E \Sj -S\> aN 2 /At > ar/A (90) 

3=1 

By the Cauchy-Bounyakovskiy inequality, we get 

E 1^' - 6 \ 2 > "Vie (9i) 

3=1 

as required. 

Proof of Theorem 5.2 Let E be a family of disjoint sets C\, . . . , C m , 
Ci Q: Z^, i — 1, . . . , m. Define the function E(E)(x) by the rule E(E)(x) = 
Y?]Li ficj(W)xCj(x)- It is clear that for an arbitrary family of sets E we have 
|P(E)(f)| < I. It follows that \\E(x)\\ 2 = EgE(E){x) 2 < A 2 . 

The proof of Theorem 5.2 is a sort of an inductive process. At the i-th 
step of this process we shall construct a family E^ of disjoint right squares 
Ci, . . . , C n and exceptional set fiW D f^* -1 ) such that 

\d\ > A (1/4)l (92) 

11^(^)11" > H^E*- 1 )!! 2 , + 2~ 6 a(e)N 2 (93) 

and 

\n^\n^- 1) \<2- d a(e)€N 2 (94) 

At the first step of our algorithm we put E^ = {7? N } and VL^ = 0. Then 
E« and fiW satisfies (92), (93) and (94). Let E 1 (x) = E(H^)(x). Then 
Ei{x) — 8 and 1 1 £7i 1 1 1 = S 2 N 2 . 

Let us make the second step of the inductive process. If set W C 
{!,..., A} 2 is a(£)-uniform then we obtain the result and terminate our 
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process. Suppose W is not a(5)-uniform. Let f(s) = Xw(s) — S. By 
Lemma 3.l' there exists vector f ^ such that \f(f)\ > a{5) l ^ 2 N 2 . Since 
N > (Ccf 1 )-W'») 1/a , it follows that N > 2 W0 /a( y 5) 5 . By Lemma 5.4 the set 
7? N can be partitioned into right squares Si,...,S r of same size and the set 
tt such that | $ | > N 1 / 2 , i = l,...,r,\Q\< iV 11 / 6 and 

-j2\5 Sj (W)-5\ 2 >a(5)/16 (95) 

r 3=1 

Put T 2 = {S u ...,&} and fi( 2 ) = ft. Since N > (Caf 1 )-W'»? /a , it follows 
that < 2~ 6 a(e)eN 2 . Let / and g be arbitrary functions from Z 2 N to 
R. By (/, (?) denote its inner product : (/, g) = f(x)g(x). Let E 2 (x) = 
£(E«)(£). Then 

||£ 2 || 2 = (E 2 , E 2 ) = (E 1 , E ± ) + \\E 2 -E 1 \\ 2 2 + 2(E,, E 2 - E ± ) (96) 

Let us estimate the third term in (96). We have Yh=i Y^ses, E 2 (x) = \W n 
(Ui=i S)| = <5iV 2 - It follows that 

\(E U E 2 - E,)\ = \"£5(E 2 (x) - 5)\ = \5J2 E 2 {x) - 5 2 N 2 \ = 

X X 

= I^E E Mx) - S 2 N 2 \ = 5\Q\ < N u/6 (97) 
i=i xeSi 

Let us calculate the second term in (96). The set 7? N partitioned be the sets 
Si, . . . , S r and ft. Since |ft| < iV 11//6 , it follows that for any t — 1, . . . , r we 
have \S t \> N 2 /2r. Using (95), we get 

\\e 2 - Ek\\i = E \E2{x) - 5| 2 = E E \ E ^) - ^ = E IW - *| 2 > 

I t=l rrGS; t=l 

N 2 1 r 

>^-El^-^! 2 >2- 5 «(5)iV 2 . (98) 
z r t=i 

Using (97), (98) and inequality N > (Ca 11 )-* 1 ^' 1 '", we obtain 

ll^lll > ll^illl + 2- 6 a(5)N 2 > H^ll 2 + 2- & a{e)N 2 (99) 
S( 2 ) and ft( 2 ) satisfies (92), (93) and (94). 
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Suppose we have made % iterations, % < 2 6 /a(e). Suppose at % - th step 
of our inductive procedure we constructed the family E^ of disjoint right 
squares Ci, ...,C V . and the exceptional ft« D satisfies (92), (93) and 

(94). Using (94), we obtain < eiV 2 . Let <5j = 5 Cj (W). By if denote the 
set of right squares Cj of family E« such that |Cjf < 2 200 a(5 j )- 10 . By [/j 
denote the set of all squares Cj G (E^ \ H) such that is 5c . (W^)-uniform 
in Cj and by C/2 denote the set of all squares Cj G (E^ \ if) such that W is 
not <5cj (W^)-uniform in Cj. 

If I W fl Ucje(7 2 Cj| < eN 2 then we obtain the result. Indeed, consider 
as a needed squares Pi, ... , Pm the squares from E^ n U\ such that W has 
density in each of them not less then e. These squares satisfies conditions 1), 
2) of the Theorem. Let V = (U ± U C/ 2 ) \ U=i Pi- Clearly, | V n W\ < 2eN 2 . 
Let us estimate cardinality of HnW. Let Cj be an arbitrary square from H. 
Then |Cj| < 2 200 a(5j)~ 10 . On the other hand from (92) it follows that \Cj\ > 

N {l/2f > N (c 2 )^_ Hen( , e 5 . < 2 2 0/K . N -{l/10 P )<% a _ g ince 1 5-. I < N 2 > 

it follows that \H f]W\ = E Sj eH$j\Sj\ < 2 20 / 'K ■ A^-a/io^" . Since 
N > (Ca ci )~ (1/C2)1/ ", we get \H (~)W\ < 2- 7 ea(e)N 2 < eN 2 /2. Put B = 
{V n W) U(H nW)\J tt^. We have \B\ < AeN 2 which proves the Theorem. 

Suppose \W fl Ucj-e^Cjl — £^ 2 - Without loss of generality it can be 
assumed that U 2 = {C u . . . ,C,}. By (92), it follows that I < N 2 N~^ 1/a . 
Let us consider an arbitrary right square Cj from {7 2 - Let fj(s) = XwnCj (s) — 
Sj. The application of Lemma 3.l' yields there exists a vector pj ^ such that 
\7j(Pj)\ > a(5j) 1/2 |Cj|. Since Cj i H, it follows that \Cj\ > 2 200 /a(5j) 10 . By 
Lemma 5.4 the set Cj can be partitioned into right squares Si \ . . . , of 

same size and set Qj such that (S^l > |Cj| 1/4 , i = 1, . . . ,r(j), |Qj| < |Cj| 11/12 
and 

1 r(j) 

-7^EI^W-*il 2 ^«(*i)/ 16 ( 10 °) 

Put 

s^H^...,aw 1 U(UU#) 

j=i *=i 

and 
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Clearly, all sets from satisfies (92). Since squares Cj C 7? N are dis- 

joint, it follows that £j=i |C7,-| < N 2 . Let Y = \J j=1 £lj. By the Cauchy- 
Bounyakovskiy inequality, we get 

\Y\ < E \Cj\ U/12 < (E IQI) 11/12 • < 7V 2 7V-Vi2(c 2 )V« 
i=i 3=1 

Since JV > (Ca Cl )~ (1/c2)1A \ it follows that \Y\ < 2~ s a(e)eN 2 . Hence \ 
= \Hf]W\ + \Y\ < 2- 7 a(e)eN 2 + 2~ 7 a(e)eN 2 = 2~ 6 a(e)eN 2 . We see 
that the set fi (m) satisfies (94). 

Let us check inequality (93). Let E^x) = E(H^)(x) and E i+1 (x) = 
E(S( i+1 ))(f), Then 

II -^+1 II 2 = (E i+l ,E i+1 ) = (Ei,Ei) + \\E i+1 - Ei\\l + 2(Ei,E i+1 - Ei) (101) 

Let us estimate the third term in (101). For any Cj G U\ we have E i+1 (x) = 
Ei(x). Hence J2xec {Ei+i(x) — E^x)) = 0. For any Cj G U 2 we have 
| Exec, (Ei+i {x) - E-(x) ) | < \Qj \ . Hence 

\{E h E i+1 -Ei)\ = \J2Ei(x)(E i+1 (x) - Ei(#))\ = 

X 

= 1 E E^)(^+iO?)-£^))l = 

= I E MWO E(^+i(^) " < \ Y \ < ^a{e)eN 2 (102) 

CesW zee 

Let us calculate the second term in (101). Recall that U 2 = {Ci, ...,C;}. 
For any j = 1, . . . , / the set Cj can be partitioned into the sets Si\ . . . , 
and . Since \Qj\ < \Cj\ u / 12 , we obtain for all t = 1, . . . , r(j) the following 
inequality holds \S ( t j) \ > \Cj\/2r(j). Let = S s u)(W). Using (100), we get 

ll^+i - ml = E l^+i ( f ) - £^)l 2 = E E - ^)l 2 = 

Z j = lx£Cj 

I r(j) I r(j) 

= EE E l^i^-^^EEI^II^-^l 2 ^ 

J' =1 * =1 Ses^ i =1 1=1 
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i I i r(j) I 

> , E I^I^E I** - > 2- 5 EIQI«(^) (103) 

z j=i ' UJ t=i j=i 

We have |W n Ucjeu 2 Cj\ > ^N 2 . Whence E^i^lQl > By Holder's 

inequality, it follows that 



^ 2 <E^IQI = E(^IQI 1/p )IQr- 1/p < (E^QI) 1/P (EIQI) 1_I " 
j=i j=i j=i j=i 

< jV^-Vrt^^lc,-!) 17 " (104) 

3=1 



This yields that 

i i 
£ ICjla^-) = ^E^-lCjl > = "(^^ ( 105 ) 

3=1 3=1 

Using (103), we have 

\\E l+1 -E l \\j>2- 5 a(e)N 2 (106) 
Combining (102), (106) and estimate N > (Ca Cl )- (1/c2)1/a , we obtain 

||^+i||2> \\E t \\ 2 2 + 2- 6 a(e)N 2 (107) 

We see that £( i+1 ) and satisfies (92), (93) and (94). 

We see that the condition N > (Ca Cl )~ (1/c2)1/a allows to make 2 6 /«(e) 
iterations. If the process stops before then we obtain the needed result. But 
(93) guaranties that the number of steps will be less 2 6 /a(e). This completes 
the proof. 

Corollary 5.5 Let W 1 ,W 2 C Z N be sets, |Wi| = P±N, \W 2 \ = f3 2 N , 
C e (0, 1) be a number, a(s) = Ks p , K G (0, 1], p > 4 and a = a(C/3i/3 2 ). 
Let A C W x xW 2 bea set of cardinality 6\ Wi||W 2 1 and N > (Ca cl )" (1/c2)Va , 
where C = 2 1000p ; ci = lOOp and c 2 = 2~ 128 . There exists a right square 
P = p 1 x P 2; |P| > iV c 2 /a and sete Pi,P 2 , Pi C W x D P 1} R 2 C W 2 D 
P 2 , x P 2 | > CA&I-Pl smc/i i/zai Pi, P 2 «s a(«J Pi (i2i))V 2 j a(5p 2 (R 2 )y/ 2 - 
uniform in Pi and P 2 respectively and 5r iX r 2 (A) > 5 — AC,. 
Proof. Let e = CPifo- We apply Theorem 5.2 to the set W = W x x W^. Set 
Ai — A \ (A fl B) has density in W at least 5 — (. Hence there exists right 
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square P = Pi x P 2 such that W is a(<5p(P))-uniform in P, \WCiP\ > e\P\, 
\P\ > N c i a , a = a{e) and 5 PnW (A) > 5 - 4(. Let W D P = Ri x R 2 
and Pi = 7i|Pi|, P 2 = 7 2 |P 2 |. Then |W n P\ = 7i7 2 |P|. By /, /i and / 2 
denote the balanced functions of the sets W, R\ and P 2 respectively. For 
any n ^ 0, r 2 ^ 0, we get \f(n,r 2 )\ < (P 7 i P 7 2 P ) 1/4 |^l- If n ^ 0, r 2 = 0, 
it follows that /(ri,r 2 ) = 7 2 |P 2 |/i(ri) and |/i(n)| < P^V^Pil- For the 
same reason, |/ 2 (r)| < _ft' 1 / 4 72 / ' 4 |P 2 | for all r e \ {0}. Using Lemma 3.1 
to the sets Pi, P 2 , we obtain Pi, P 2 such that Pi is P x / 2 7i ^-uniform in Pi 
and P 2 is K x l 2 ^ ^-uniform in P 2 . This completes the proof. 

Proof of Theorem 1.4. Let JVi G N and J U J 2 C be sets, | Ji| = 
wiiVi, | J 2 | = cu 2 N 1 . Let A C Ji x J 2 be a set of cardinality S\ Ji\\ J 2 \. Suppose 
A does not contain a corner. Let Ji, J 2 be 10~ 330 u; 24 cc;f 4 5 132 -uniform and 
Ni > 10 10 (<5 4 Wicj 2 )~ 1 . We shall prove that under this conditions there exist 
J\ Q h, 7 2 Q h and A C A such that 

1) A' C A x 7 2 . 

2) > (5 + 10- 10000 5 3500 )|7i||7 2 |. 

3) |7i|,|7 2 | > lO-^^miiiiwiiVi^aiVi). 

Suppose (36) or (37) does not hold for cci = 10 108 <5 44 . By Lemma 4.8 
there exist sets 7i C J l5 7 2 C J 2 satisfies (53). Let A = A D (7i x 7 2 ). The 
sets 7i, 7 2 and A satisfies 1) — 3). 

So, we can assume that (36), (37) hold for cti = 1(T 108 5 44 . If set A 
is 10~ 108 <5 44 -uniform with respect to the basis (ei,e 2 ), then by Theorem 3.9 
there exists a corner in A. If set A is not 10~ 108 <5 44 -uniform with respect to 
the basis (ei,e 2 ), then by Proposition 4.10 there exist sets 7i C J l5 7 2 C J 2 
and A — A D {I\ x 7 2 ) satisfies 1) — 3). The condition 2) can be replaced 
even by a stronger one namely by \A \ > (5 + 10~ 9000 <5 3500 )|7i||7 2 |. 

Let us come now to the proof itself. 
Let AC {1, . . . , N} 2 be a set of size 5N 2 and let A does not contain a corner. 
Let E 1 = {1, . . . , N}, E 2 = {1, . . . , N}. Then Pi and E 2 is uniform. By 
assumption N > 10 10 <5 -4 . Repeating the argument used in the beginning of 
the proof, we can find a subset A in A and G± C E±, G 2 C E 2 satisfying 
1) — 3). Let I Gil = PiN, \G 2 \ = /3 2 N. The set A , same as A does not contain 
a corner and has density 5 X in G 1 x G 2 at least 5 + 1(T 9000 5 3500 . 
LetC= 10- 10000 <5 3500 . Let us consider the function a (s) = 1 ~ 660 ( C/?i /3 2 ) 48 ^ 264 s 48 
and let a = a((PiP 2 ). By assumption N > (Ca 01 )"' 1 ^ 2 ' 1 '". Hence we can 
apply Corollary 5.5 to the sets G±, G 2 and A . By this Corollary there exists 
aright square P = PixP 2 , |P| > N c ? a and sets Pi,P 2 , Pi C (dnPi), R 2 C 
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(G 2 nP 2 ) \R ± \ = -y 1 \P 1 \, |^ 2 | = 7 2 |P 2 |, |PixP 2 | > C/3i/3 2 |P| such that Pi, P 2 
is 10~ 330 7 24 7f 4 5 132 -uniform in Pi,P 2 respectively and 5 RiX r 2 (A') > 5 1 - 4(. 
Density A in P x x P 2 is at least S ± - 4 • io- 10000 <5 3500 > 5 + i (r 10000 5 3500 . 

Apply the same this argument to the right square P, lO -33 ^ 2 ^ 24 ^ 132 - 
uniform sets Ri , R 2 , Pi x R 2 C P and the set A" = A' n (Pi x P 2 ). Then 
we iterate the described construction. 

Let at i-th step of our procedure we get right square PW = x P 2 ^ , 
sets Rf, Rf, Rf = 7 f ) |P 1 W |, P? = lf\P?\ and set A, C P« x P?, 
|A| = ^IP^IIP?! such that sets P? } , Rf is 10- 330 (7*) 24 (7*) 24 <5 132 -uniform 
in P^, P 2 ^ respectively. If 

= ip 2 (0 i > {&ififr\ (los) 

then by the arguments used in the beginning of the proof we can find a 
subset X i in Ai and Gf C pf, G^ C P? satisfies 1) - 3), Gf = pf\P?\, 
Gf = pf\P^\. In addition, A i same as A does not contain a corner and 
has density 6- in Gf x Gf is at least $ + i(r 9000 5 3500 . Using 3), we get 

> 10- 10000 5 3500 min(7f ) , 7 J ) ) (109) 



Let C = 10- 10000 5 3500 . Let us consider the function a, (s) = 10~ mo (( [3 f [3 f) 48 5 264 s 4S 
and let a { = Oi(C0fpf)- If 

\Pf\ > (Ca, Cl )- (1/c2)1/ai , (110) 

then we can apply Corollary 5.5 to the sets Gf , Gf and A\. By this Corol- 
lary there exists a right square p(* +1 ) = p( l+1 ^ x P^ l+1 ^ and sets P^ +1 ^ , R 2 +1 ^ , 

pf +1) c (Gf n Pf +1) ), P? +1) c (G« n P 2 (l+1) ), Pf +1) = 7 f +1) |Pi (m) l, 

4 l+1 ) = 7 ? +1) |P 2 (t+1) |, |pf +1) x P? +1) | > C/tf^V^I, ™ch that Rf +1 \ 

R { i +1) is 10- 330 (7f +1) ) 24 (7r i) ) 24 ^ 132 -uniforminPf +1) , P 2 (m) and <W 2 (4) > 

£ - 4C Density 4 in Pf +1) x P^ +1) is at least 5[ - 4 • io- 10000 5 3500 > 
5i + 10 -ioooo 5 350o_ 

Combining inequalities |Pf +1) x p£ +1) | > Crf ) ^ ) |P (i+1) l and (109), we ob- 
tain 

7? +1) 7? +1) > > 10- 20000 5 7000 min( 7 ; i) , 7 «). (Ill) 

Moreover, 

jPi (i+i)| > (112) 
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Suppose that at each step of our algorithm the conditions (108) and (110) 
are satisfied. At each new iteration step the density of A in the sets x R$ 
increases by at least io~ 10000 <5 3500 . This implies that the density of A in these 
sets tends to 1. Then by Lemma 5.1, — > 0. Hence in a few steps W/aW 
will become smaller than 10 _27 5 n . In other words, in a few steps we can find 
a right square P = Pi x P 2 and 10 _330 7 24 7§ 4 5 132 -paBHOMepHve MHOJKecTBa 
Ri, R 2 , |Ri| = 7i|Pi|, |R 2 | = 7 2 |P 2 | such that A n (Ri x R 2 ) is 10- 108 <5 44 - 
uniform with respect to the basis (ei,e 2 ), in Ri x R 2 and inequalities (36), 
(37) hold for a x = 10~ 108 5 44 . If |Pi| = |P 2 | > 10 10 (<S 4 7i72)~\ then by 
Theorem 3.9 A contains a corner. 

We see that, if at each step of the algorithm the conditions (108) and 
(110) are satisfied then the proof is over. Let us check that the conditions 
(108), (110) hold. 

Let us estimate the total number of steps of our procedure. By 2), 
it follows that the density of A reaches 25 after at most io 10000 /5 3499 fur- 
ther steps. It follows that, the total number of steps cannot be more then 
-^qIOOOO ^3499 _|_ 1/2 . iq 10000 /£ 3499 + 1/4 . io 10000 / § 3499 + = 2 • 10 10000 /(5 3499 — 

0(S~ C ), c > is an absolute constant. 

At the first step densities of R^ and R^ in equals 1. By (111), it 
follows that at i-th step, we have the inequality 7?, 7? > (i(r 20000 5 7000 )\ 
Hence at the last step density Ri x R 2 in P is at least Ci5 Cr ° s 

The total number of steps is at most 0(5~ c ). At % - th step, we have (3[ l \ 
ffi > C A 5 C ^~\ C = 0(53), g > and a, = 5 W {(3? fif)* , w,q > 1. Using 

this and inequality (112), we get |P W | > |p( i_1 )| K o ? where < k < 1, 

1 6 S ~ b 

C e > 0. Hence at the last step, we have |P| > N K , where < k < 1, 
b > 1. By assumption > expexpexp(<5~ c ), c > 0. It follows that, 

|P| > N K(1/srb > (l0 10 5 4 (C A 5 c ^' c )y 2 > 10 10 (5 4 7l72 )- 2 (113) 

This implies that at the last step of the iteration process the inequality (108) 
holds. Clearly, this condition was true at all the previous steps. Let us check 
if the condition (110) is satisfied at the last step. We need to check : 

| P] > N *w#- h > ((i/ 5 )^)(V C2 )^" C8 , (H4) 

where C-j > 0, Cg > are absolute constants. By assumption N > exp exp exp(5~ c ). 
Using this, we get (114). This completes the proof of Theorem 1.4. 
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